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Abstract
In this paper we prove a fixed point theorem for nonexpansive mapping using a well known result of Ky

Fan’s best approximation theorem in Hilbert space setting.
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Introduction
In 1965, Browder, Godhe and Kirk proved

that each nonexpansivemap T :S — S,where Sisa
particular set in a Hilbert space having at least one
fixed point. A mapping T :X — Xis called

[Px=Ty|<|x=y]  for
allX,y € X .The fundamental  properties  of

contraction mapping do not extend to nonexpansive
mapping. It is of great importance in applications to
find out if nonexpansive mappings have fixed points.
Several interesting fixed point theorems have been
proved by using Ky Fan’s best approximation
theorem. This approach helps to find fixed point
theorems under different boundary conditions. Most
of the fixed point theorems are given for self maps
that are for a function with domain and range the
same. In case a function does not have the same
domain and range then we need a boundary condition
to guarantee the existence of fixed point. In 1969, Ky
Fan’s [3] establish theorem known as Ky Fan’s best
approximation theorem which has been of great
importance in approximation theory, nonlinear
analysis and fixed point theory. In general, fixed
point theorems and related technique have been used
to prove the result about best approximation. We
refer to A. Carbone [2], J. Li. and S.P. Singh [4], T.C.
Lin [5], S. Park [8], R. Schoneberg [9], G. Marino et
al. [6]. In this paper the concept of nonexpansive
mapping has been used to establish a Ky Fan’s best
approximation theorem which generalized the results
of some standard results on Hilbert space.

nonexpansive if

Preliminaries

Definition 2.1[7] Suppose that T :H — H be a
map where H is a Hilbert space. Then T is said to be
nonexpansive if

T -T|<[x—y| ¥V xyeH.
Theorem2.2 [11] If S is closed bounded convex

subset of R"and T :S — R"is a continuous
function then there is a zeS such

that(Tz,Xx—2)>0, V x€S.
Theorem2.3 [11] Suppose that S be a closed convex

subset of a Hilbert space Hand T:S—>Hbe a
nonexpansive map with T (S) bounded. Then there is

a ze€S suchthat|z -Tz|=d(Tz,S).

Theorem2.4 [11] Suppose that S be a closed bounded
convex subset of Hilbert space Hand T :S —> H
be a monotone continuous map. Then there is a
Z € S such that <TZ, X— Z> >0,VxeS.
Definition2.5 [10] Suppose that X be a normed linear
space and S be a nonempty subset of X.
Suppose X € X . An element y €S is called an
element of best approximationto X,

if[x—y|=d(x,S) =inf{|x—z|: 2 S}.

Let P(X) denote the set of all points in S closed to
X thatis

P(x) ={y e S:|x—y|=d(x,S)}.

The set S is said to be proximinal if P(x) is nonempty
forallx e X.
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If P(x) is a singleton for each X € X then S is said to
be Chebyshev set. If S is a Chebyshev set then P is a

single valued map. In case P:X —>2%is a
multivalued map it is called the metric projection or
best approximation operator.

Definition2.6 [1] Let S be a closed convex subset of
a real Hilbert space H. Then for each

Xxe H,x¢gSthere is a unique Y € S nearest to
X that is,
[x—y||=d(x,S)=inf{|x—z|,zeS},If s is a
chebyshev set, and

P(x)={y eS:|[x-y||=d(x,S)},

is the proximity map or best approximation operator
on H.

Main Results
Theorem 3.1 Suppose S be a closed convex subset of

a real Hilbert space H. Then for each X & S there
exists a unique Y €S nearest to x, that is
[x—y||=d(x,S)=inf{x—ul|:ueS}tn tis
case S If S is a chebyshev set, and
P,(u)={veS:|u-v|=d(u,S)}

is the best approximation operator or the proximity
map on H.

Theorem3.2 The proximity map P satisfies the
following property.

[1] (u—Pv,Pu—Pv)>0, Vu,veH,

[2] ||Pu—Pv|<[u-v|,V uveH,

[3]

lu— Pu||2 +||Pu—v||2 < —v||2 veSueS.

Proof:
[1] (u—Pv,Pu—Pv) >0,V u, Vv € H, implies that

(u,Pu—Pv)>(Pu,Pu—Pv),

Similarly (V— Pv, Pv— Pu) >0

Implies that (v, Pv—Pu)>(Pv, Pv—Pu),
Thatis (—v, Pu—Pv) > (-Pv,Pu—Pv)

Adding we get
(Pu—Pv,u—v)>(Pu—Pv,Pu—Pv)

This implies that ||Pu - PV” < ||u —V||
Equality holds if [u—Pul|=[v—Pv|
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[21For0< <1,
Jlu—Pul <|Ju-BPv—@-B)Pul’
= |u—Pu+B(Pu—Pv)|’

= |lu=Pul[* + 2||Pu—Pv|[ +28(u—Pu,Pu—Pv)

That

is 52 |Pu—Pv| +28(u—Pu,Pu—Pv)>0.
This  will  be overruled for small ﬁ

unless (U —Pu, Pu—Pv)>0.
[B]ForueHand ve S

Ju— Pu||2 +|Pu —v||2 <Ju- Pu||2 +|Pu —v||2 +2(u—Pu,Pu—-v)

= |u—Pu+Pu—v|’

2
=Ju-v|
Hence proved.
Theorem3.3 Suppose that H be a Hilbert space
T:H — H is a non expansive mapping and 1 is

the identity map then | —T is monotone, that is
((1=-THu—(1-T)v,u-v)=0.
Wetake | =T =F.Then T =1 —-F.

Proof: Since T is nonexpansive,

[Tu=Tv[" <fu-v[

<u —v||2 +||Fu— Fv||2

Now [|(1 = F)u—(1 = F)v|’
=|u—v—(Fu—-Fv)|’

= |lu=v|* +||Fu—Fv| —2(Fu—Fv,u-v)
<o~ +|Fu -l

only if (Fu—Fv,u—v)>0

Hence F is monotone.
Theorem3.4 Suppose that H be a Hilbert space and S
be a closed convex subset of H. Suppose

T :S — H be a non expansive mapping with T(S)
bounded. Then there exists a veS such

that|[v—Tv|| =d(Tv,S).
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Proof: Suppose P:H — S be the proximity map
.Then PT :S — Sis nonexpansive . Suppose that
B=co(PT(S)) (PT =PoT).Then B is closed
bounded and convex and F=PT:B—B. By

Browder’s fixed point theorem F has a fixed point.
That is PTu, =y, for some o € B.

Therefore  [|u, —TU,[ = d(Tu,, S).

Corollary3.5 Let S be a closed bounded convex
subset of H and T : S — H is a nonexpansive map
then there is V, € Ssuch
that||V, — TV, | = d (Tv,, S).

Following are the fixed point theorems which are
derived as corollaries:

Corollary3.5.1Suppose Br be a closed ball of radius
rand centre 0 in a Hilbert space H. Let
T:B, > Hbe a nonexpansive map with the

property that if Tu = U for some U e OB, then
S <1.Then T has a fixed point.
Proof: 3 v € B, such that ||V—TV|| =d(Tv,B,).If

Tveg B, then v=PTvedB,, thatis ||V|| =r,s0

p= M = M > r =1, a contradiction.
v v ox

Therefore TV € B, and T has a fixed point.

Corollary3.5.2 Suppose H be a Hilbert space and S
be a closed bounded convex subset of H. Let

T:S—>Hbe nonexpansive. Assume forany

U €3S with u=PTu

such that u is a fixed point of T. Then T has a fixed
point.

Proof: Using corollary 35 dveS such that

||V—TV||:d(TV,S).In case Tv e Sthen there is

nothing to prove .If Tv g Sthenv=PTveS.

So we get hypothetically v=Tv.
Corollary3.5.3 Suppose that S be a nonempty closed
convex subset of Hilbert space H and suppose

T :S — H be a nonexpansive mapping such that
there exists a bounded subset M of S satisfying the

condition, for all U €S there exists a Ve M such
that ||Tu —V|| < ||u —V|| . Then T has a fixed point.
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Proof: Suppose B =co(M) the convex closure of
M. By corollary 3.5 we get aV € B such that
lv—Tv||=d(Tv,B).

If T (v) ¢ B then hypothetically

3V, € M such that [TV —v, || < [V =V, ||.

But

[PTV=TV|" +[PTv v, | <[[Tv—v,| <[v—v,|’

Implies ||v—T(v)||2 +||v—v0||2 s||v—v0||2

Implies ||V—T(V)||2 <0 which givesTv=V.
Corollary3.5.4 Suppose S be a closed convex subset

of a Hilbert space H and T:S—>Hbe a
nonexpansive mapping .Let T(S) be bounded and
T(6S) = S.Then T has a fixed point.

Proof: Using theorem 3.4 there is Vo €5,

Such tha’[”v0 _TVOH =d(Tv,,S) .
IfTv0 eS then v, :TVO,

otherwise Yo €95 ang since 1 (05) =S5, TV, €5

and hence TVO - VO.

Corollary3.5.5 Suppose S be a nonempty closed
bounded convex subset of Hilbert space H and let

T :S — H be a nonexpansive mapping such that
for each Ue€OS ||Tu—v||£||u—v|| for some

Vv e S. Then T has a fixed point.
Proof: Thereis V€S such that

[v—Tv|=d(Tv,S).
Let Tvg S.Thenv=PTvedS.
Hypothetically ||Tu - v|| < ||v - u||

Forsome uUeS.
Also

Tv— PTv||2 +||PTv—u||2 < ||Tv—u||2 < ||v—u||2
This satisfy only if ||TV — PTV” =0,

Since || PTv —u||2 = ||V— u||2

Hence TV =V
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